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Coherent averaging during rf irradiation can be utilized in the four-pulse nmr experiment in 
order to cancel the average dipolar interaction in solids. Thus an arbitrary pulse width can be used 
in the four-pulse experiment, leading to a total rotation angle ßl 90° of the rf pulses depending 
on the duty factor. Ideal timing is achieved in the classical Waugh, Huber, Häberlen sequence. 

1. Introduction 

The classical four-pulse experiment as invented 
by W A U G H , H U B E R , and H Ä B E R L E N 2 has been 
proven to be very effective in reducing the dipolar 
broadening in the nmr spectra of solids and un-
ravelling weaker interactions such as magnetic 
shielding anisotropics, /-coupling etc. 3. There is a 
considerable amount of other types of line narrow-
ing experiments which are capable of reducing di-
polar broadening, but they will not be dealt with 
here 4. 

In the classical four-pulse experiment the rf pul-
ses were considered as <5 pulses, i. e. pulse width 
tp = 0. By applying a cycle of rf pulses to the spins, 
the interaction Hamiltonian beoomes modulated, 
i. e. time dependent. If this modulated interaction 
Hamiltonian is now averaged over a cycle, it can be 
made to vanish for certain types of interaction (f. e. 
dipolar and quadrupolar) and on the other hand re-
tained, but scaled by a scalingf actor 5 (e. g. mag-
netic shielding 5 < 1 , /-coupling S = 1), for others2. 

Thus far it has been assumed, that the rf pulses 
in the four-pulse experiment had to be d pulses in 
order to achieve line narrowing and only small de-
viations from zero pulse width could be compensat-
ed for by making the total rotation angle > 90° 2. 
It will be demonstrated, however, in Sect. 2 that co-
herent averaging takes place also during rf irradia-
tion. 

This can be utilized, as shown in Sect. 3, to ope-
rate the four-pulse experiment with any finite pulse 
width up to an upper limit, given by the timing of 
the four-pulse sequence. The total rotation angle ßx 

of the rf pulses has to be increased gradually with 
increasing pulse width up to the limit of ßn = 116° 
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14' for the upper pulse width limit5. Operating the 
four-pulse experiment with long rf pulses has some 
advantages over the common procedure of making 
the pulses as short as possible. Since the rf power 
needed is proportional to Hj2 a considerable reduc-
tion in rf power is obtained in going to longer pulse 
widths, thus avoiding all the problems involved with 
high power transmitters, probe arcing and heating, 
receiver blocking etc. 

The last section treats the effect of finite pulse 
width on the dipolar echo formation by using the 
modified four-pulse sequence. 

2. Coherent Averaging during RF Irradiation 

If we call the Hamiltonian describing the cou-
pling of the spins due to internal interaction IHj„t 

and the Hamiltonian which describes the coupling 
of the spins to external fields !Hext, we can express 
the total Hamiltonian as 

H = Hint + ^ext • (1) 
Let us follow the treatment of Ref. 2 where the pro-
pagator L(t) which governs the time dependence 
of the spin density matrix has been expressed by 
the product 

L{t)=L^t)-L2{t) (2) 

where contains only !Hext and L2(t) contain« 
the modulated interaction Hamiltonian 7i (t), na-
mely 

L! (i) = T • exp | — if At Wext (0 J , (3 a) 

L2 (f) = T- exp j — i fdt' H(t') j, (3 b) 

fi(l)=I(l) nmt Lt(t) (3 c) 

where T is the Dyson time ordering operator. 
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With an rf field applied in the x- or ^/-direction 
of the rotating frame respectively, the "external" 
Hamiltonian can be written as 

W e x t= - f t> i ( t ) Ix.» (4) 

with co1(t) =y H1{t). 

Leading to the propagator 

with ß(t) = fdt'(oftf). (5) 
o 

Since Lx (j) operates only on the spin dependent 
part of the interaction Hamiltonian in Eq. (3 c ) , 
üHjnt is conveniently written as a product of tensor 
operators 6' 7 

-Hint = I (-1)MAj,.MTJM (6) 

where the different interactions can be distinguished 
by j ( j = 1 magnetic shielding, j =2 dipolar and 
quadrupolar interaction). 

The spin dependent part Tjm is modulated ac-
cording to Eqs. (3 c ) , (5) and leads in the rotating 
frame to 

W(|) acTio (7) 

where 6 

T n - i L T ^ D T i u L t m u . * ( 8 ) 

which can be expressed as 

TJO = 2 TjM D% (a, ß,0), (9) 
M= -j 

where the Wigner matrices 7 Dmo c a n be written as 
D%(a,ß,0)=e~m*d%(ß) (10) 

and where a determines the rf field direction. 
Using Eqs. (9) , (10) we obtain: 

(i) ^/-irradiation (a = 0) 

Tio = Txo oos ß + (Ti-i-Ti + i) y2 smß> ( l l a ) 

7*20 = T20 I (3 oos2 ß - 1) 

+ (T2-i-T27i) Vi sin ß cos ß ( l i b ) 

+ (T2 + 2 + T2_2) VISING, 

(ii) :r-irradiation ( a = — n/2). 

The terms with M = ± 1 in Eq. (11) are multiplied 
by ± i , whereas the terms with M = ± 2 are multi-
plied by —1. The average Hamiltonian during rf 

irradiation is immediately obtained as 
ßi 

Tio(ßi) = j-JdßTjo (12) 

where ßi= J d fco 1 ( f ) . 
o 
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Fig. 1. Timing of the four-pulse sequence, where tp is the 
pulse width, and with the cycle times ts of the subcycle and 
tc of the full cycle. There are two "windows" of duration Tv 
and r2 in each subcycle. y and x denote the direction of rf 

irradiation in the rotating frame. 

The way in which the average Hamiltonian over a 
cycle of rf pulses can be calculated will be demon-
strated in the case of the subcycle of the four-pulse 
experiment (see Fig. 1) , which is essentially a phase 
alternated pulse experiment with cycle time 

fs = 2 tp -)- Tj -f- T2 . 

If we use the abbreviation A = r1/r2 and introduce 
the duty factor <3 = 2 tp/ts we obtain the average 
Hamiltonian over the cycle time as 

(Tj0)ts= Sf-oißJ + M L ^ f . o ( / ? i ) + (1-^) f . o ( 0 ) 

(13) 

which can be written in compact form as 

Ä o > t s = I Tm D% (a, ß, 0) ( 1 4 ) M= -j 

where the coefficients D(ij0(a, ß, 0) can be derived 
by using Eqs. (9) — (13) . By using the abbrevia-

Z) 0 = WÜ>,ß,0), 

— D[2o ( 0 , ß , 0 ) = D(i\o ( 0 , ß, 0 ) , 

D2= D^(0,ß,0)=D%0 (0,ß,0), (15) 

C 0 = Z>$ (0 , ß, 0 ) , 

Cx=- (0, ß, 0) = D<i>10 (0, ß, 0), 



we obtain from Eqs. (9) — (15) : 

D0= t cos ft k{l—8) o „ sin ß^ 
1+k COSßi + Ö 2ßl 

l + ( l - f c ) 
2 • (1 +k) (1 — (3/2) (5), (16 a) 

n • a \ x sinßi I 2k(l — 8) R 
D x = \ i sin/J, (5 ^ + ~ T + / c C 0 S P i (16 b) 

in ßi (* fc) •sin ßi ~ Yß~cos ßi)+ö/2 

(16 c) 

„ s sin/?! k(l-8) O (1 — 5) M ( . 
C o = d ~ ß r + ~ i + r c o s ^ + a Tn* ( 1 6 d ) 

r 0 a \ , 1 — <5) . o 
c i = ^ X ( 1 " C 0 8 / ? l ) + W 1+Ä 

(16 e) 
The coefficients corresponding to irradiation in in-
direction (a = — 90°) are easily obtainend by multi-
plying D[{IO(0,ß,0) by ± t in the case of M= ± 1 
and by — 1 in the case of M = ±2. 

Thus scaling of second rank tensor interaction 
(e. g. dipolar interaction) and first rank tensor in-
teraction (e. g. magnetic shielding) in phase alter-
nated pulsed nmr experiments can be easily cal-
culated by combining Eqs. (14), (15), (16). From 
Eq. (16 c) it follows that D2 never can be made to 
vanish, besides trivial cases like ßi = 0, i. e. the di-
pole interaction cannot be cancelled in a phase al-
ternated experiment, where rf irradiation takes place 
only in one direction in the rotating frame. How-
ever, if another subcycle is added in which irradia-
tion is performed orthogonal to the first one, D2 is 
multiplied by — 1 in the second subcycle and the 
total average vanishes, independent of the para-
meters k and ßt. 

3. The Four-Pulse Experiment 
with Arbitrary Pulse Width 

The timing of the four-pulse cycle with arbitrary 
pulse width is shown in Figure 1. The full cycle 
with the cycle time tc consists of two subcycles with 
the cycle time ts each, in which rf irradiation is per-
formed in the y- and a;-direction respectively. 

The average Hamiltonian can be expressed as 

(Tj0)t=i (TfiW+HTril ( 17 ) 

Since the term with M = ± 2 in (Tjo)tc vanishes in-
dependent of d, k and ß1 due to phase quadrature 

as mentioned above, the condition for line narrow-
ing can be expressed as 

{ T 2 O ) I , = 0 ; i . E . 0 0 = £>I = 0 (18) 

whereas < 7 i o > * * 0 . 

Thus we arrive at the question, for which set of 
k, ß±) do D0 and D1 simultaneously vanish. From 

Eqs. (16 a, b) it can be shown, that this condition 
can be fulfilled only if 

<5 = 2 k-2 
3 fe—1 (19) 

This puts a restriction on the timing of the four-
pulse sequence and it demands what we shall call 
the "ideal timing". This "ideal timing" is nothing 
else, but the timing of the classical four-pulse cycle 1 

in the <3 pulse approximation i. e. k = 2 if d = 0. If 
the pulse width is increased, the leading edge of the 
pulse is kept at the location of the d pulse in the 
cycle, and the pulse width is simply increased to the 
right:, as shown in Figure 1. Under this condition 
the duty factor obeys Equation (19). 

If the condition Eq. (19) is inserted in Eq. (16) 
we can write 

D0 = f cos ßt (2 - 1 d) cos ß, + - f f 1 ) , (20 a) 

D t = V f s i n ^ 

2 ßx 

! (2- Id) cosß, 

D, = V j 

C0 = d 

sinß, 1 ( 2 - 1(5) sin — 

JßT^ßi) +<V2 

(20 b) 

(20 c) 

(2 — f (5) c o s / ? 1 + | ( 1 - | (5), 
(20 d) 

1 
V2 ( 1 - c o s A ) ( 2 - I d) sin/?! 

(20 e) 

which yields the scaling factors in the case of the 
"ideal timing". 

D0 and D1 are plotted versus in Fig. 2 for dif-
ferent values of <5. It is interesting to compare this 
with far off-resonance effects 8. It can be seen, that 
D0 and DT cross the zero line for the same value 
of ßx as is demanded by the "line narrowing" con-
dition Equation (18). 

This condition (DQ = DT = 0) leads to a depen-
dence of the rotating angle ß1 on the duty factor <3 



180° 

Fig. 2. The remaining coefficients D0 and Dx in the average 
dipolar Hamiltonian in the four-pulse experiment with "ideal 
timing" according to Eq. (20 a, b) are plotted versus ßx for 
different values of the duty factor <5. — Due to the "ideal tim-
ing" D0 and Dt cross the zero line always at the same value ßx. 

accordinig to Eq. (20a) and (20b) as follows: 

^ = !/(1 ~tan ßilßi) • (21) 
d is plotted versus ßx according to Eq. (21) in 
Figure 3. This figure can serve as a diagram for 
determining ßx for a given value of d, i. e. there 
is for any given d with 0 ^ <5 2/3 a value ß t for 
which line narrowing in solids can be achieved. For 

120° ß1 

Fig. 3. The duty factor <5 versus ß t is plotted according to Eq. 
(21) up to the limit <5u=2/3; /?u = 116° 14' (see text). A mono-
tonic increase of ßx with <5 is observed, so that for any given <5 
there is only one ßx for which line narrowing in solids can be 

obtained. 

a small duty factor <5, may be expressed as 
ß1 = n/2 + e where e is small. In this case Eq. (21) 
leads to 

<5 = f n-E 

which is the same result as Eq. (67) of Ref. 2. 

The following procedure for adjusting the four-
pulse experiment is suggested: 
(i) set up the "ideal timing" according to Fig-

ure 1, 
(ii) adjust the proper phases, 
(iii) increase or decrease the rf power (not the 

pulse width!) in order to obtain a lengthened 
decay. 

One must not change the pulse width, since in gen-
eral this does not fulfill Equation (21). 

There is an upper limit for <3, which is given by 
the timing according to Equation (19). This upper 
limit is reached if k = oo <5u = 2/3 leading to the 
condition5 [see Eq. (21)] 

tan ßu = — ßn (22) 
from which follows 

ßü = 116° 14'. 
The capability of achieving line narrowing in solids 
with such a four-pulse experiment in the ultimate 
pulse width limit is described elsewhere 5. 

The scaling factor S of the magnetic shielding in 
a four-pulse experiment and all other interactions 
which can be described by a first rank tensor opera-
tor can be expressed as 

5 = (C02 + C*y'> (23) 
where C0 and Cx are given by Eqs. (20 d, e) under 
the condition of Equation (21). 

An analytical expression for S as a function of 
ßi can be obtained from Eqs. (20 d, e) , (21), but 
is of not much interest here. Since the duty factor <3 
is an easily measurable quantity, we have calculated 
numerically 5 as a function of <5 by using Eq. 
(20 d, e) and Equation (21). S is plotted versus d 
in Figure 4. 

Fig. 4. The scaling factor S for magnetic shielding in the four-
pulse experiment is plotted versus the duty factor <5 according 
to Eqs. (20 d, e), (21), (23), up to the upper pulse width 

limit <5U . 



The scaling factor 5 for the magnetic shielding 
begins with 5 = l /VS = 0,577 for (3 = 0 and de-
creases with increasing (5, until the upper limit in 
pulse width is reached (<5u = 2/3), corresponding to 
S = 0.565. Nevertheless, the variation of the scaling 
factor S with (5 is seen to be very small. 

The first order and all other higher correction 
Hamiltonians of odd order can be shown to vanish 
due to symmetry arguments 6' 9. 

4. The Dipolar Echo 
produced by the Four-Pulse Sequence 

A dipolar echo can be produced, using the four-
pulse sequence10, n , utilizing the fact that the aver-
age dipolar Hamiltonian can be made negative10'11 

if the parameter k becomes greater than 2. 
In the case of d pulses, this can be shown easily 

by using the parameters (5 = 0 and ßt = 90° in Equa-
tion (16). It follows from Eqs. (16 a, b) that under 
these conditions 10 ,11 

<24) 
whereas 

D x = 0 . 

Thus the average dipolar Hamiltonian becomes ne-
gative for 2 during a burst of four-pulse cycles 
of duration tB . The motion of the spins governed 
by this negative average Hamiltonian redevellopes 
in time when the subsequent positive Hamiltonian 
Ton is in effect. The echo condition can be written as 

1 2-k 
2 1+k •tB + t-tB = 0 

or t/tB=ik/(l+k) (25) 

leading to the formation of an echo at time t, when 
the four-pulse burst is terminated at time tB 10. 

If a finite pulse width ((5 + 0) is used, the prob-
lem of forming a dipolar echo is more complicated, 
but can be solved by the means of Equation (16). 

can be made to vanish according to Eq. (16 b) if 
1 + k 

2 kß i tan ßx (26) 

In Fig. 5 the duty factor 6 is plotted versus ßx for 
different parameters k, according to Equation (26). 

If (5 according to Eq. (26) is inserted in Eq. 
(16 a) we obtain 

1+tan ßi(k-2)/k ßt 

4 - 2 tan/?, ( ! +k)/kß] ' 

90" 1000 110° 120° 130° 1W° 150" 160° 170° 180° 
Fig. 5. The duty factor ö according to Eq. (26) for different 
values of k is plotted versus the rotating angle ß1. This dia 
gram serves in choosing the parameter sets (<5, k, ßt) for ob-

taining a dipolar echo. 
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Fig. 6. Scaling factor D0 of the average dipolar Hamiltonian 
in a four-pulse experiment according to Equation (27). A di 
polar echo can be obtained only in the cases, where D0 be-

comes negative, i. e. for k > 2 and 90° < ßx < 116° 14'. 

In Fig. 6 D0 is plotted versus ßA for the same para-
meters k as in Figure 5. D0 becomes negative only 
for k> 2 and 90° < ^ < 1 1 6 ° 14'. The echo con-
dition Eq. (25) can be generalized to 

D0tB + t-tB = 0 
leading to 

t/tB = l-D0 (28) 
where D0 is given by Eq. (27) with the parameters 
k and ß t obtained by Equation (26). From Eqs. 
(26) and (27) it follows, that for any duty factor d 
with 0 (5 < 2 / 3 a dipolar echo can be obtained. 
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Transporteigenschaften von Bi70Sb30 

G . S C H N E I D E R u n d R . T R I N K S 

Institut für Technische Physik der Technischen Universität Braunschweig 

(Z. Naturforsch. 27 a, 1639—1645 [1972] ; eingegangen am 12. August 1972) 

Transport Proper ties of Bi-0Sb3(l 

Crystals of the composition Bi70Sb30 , undoped and doped with the donor Te and the acceptor Sn, 
were made by zone melting. Specimens were prepared with the long edges parallel to the bisectrix, 
the binary or the trigonal axis. Transport properties (electrical resistance, transverse magneto-
resistance, Hall effect, thermoelectric power, longitudinal and transverse Nernst-Ettingshausen effect) 
were measured for specimens with different orientation and doping in the temperature range from 
8 to 300 °K. Investigations of magnetic field dependence of some properties and of the anisotropy 
of magnetoresistance in a transverse field of different directions were made. 

1. Einleitung 

Bi-Sb-Legierungen erweisen sich im Konzentra-
tionsgebiet von etwa 5 bis 40 At.-% Sb als Halb-
leiter mit kleiner Energielücke, in den übrigen Kon-
zentrationsbereichen liegt Überlappung der Bänder 
vor 2. Diese Legierungen wie ihre Komponenten 
erscheinen einmal interessant bezüglich der Aniso-
tropie ihrer Eigenschaften3, zum anderen sind sie 
wegen der hohen Ladungsträgerbeweglichkeiten gut 
geeignet für Untersuchungen unter den Bedingun-
gen von hohen Magnetfeldern 4. Bisher wurden be-
sonders Bi-reiche Legierungen mit Sb-Konzentratio-
nen bis zu 12 — 15 At.-Proz. Sb (Maximum der 
Energielücke) untersucht2' 5 - 8 , darüber hinaus lie-
gen verhältnismäßig wenige Ergebnisse v o r 2 ' 9 - 1 1 . 
Das liegt wohl u. a. daran, daß die Energieband-
struktur mit zunehmendem Sb-Gehalt immer mehr 
von der schon ziemlich gut bekannten des reinen Bi 
abweicht und zudem eine gute Einkristallherstellung 
immer schwieriger wird. In der hier vorliegenden 
Arbeit wurden nun die elektrischen Transportgrößen 
von Bi70Sb30 untersucht, und zwar undotiert sowie 
mit Te- bzw. Sn-Dotierung. 

2. Probenherstellung und Meßverfahren 

Als Ausgangsmaterialien dienten Wismut und Anti-
mon mit einer Reinheit von 99,9999% (Koch & Light, 
Colnbrook). Die Legierungen wurden in evakuierten, 
abgeschmolzenen Quarzampullen über einige Stunden 
bei 720 °C zusammengeschmolzen. Zur Einkristallher-
stellung erfolgte dann Zonenschmelzen dieses Materials 
in einem Quarzrohrofen, wobei die Rohrheizung 220 °C 
und die Zonenheizung 450 °C einstellten. Der Zonen-
heizer wurde von einem mechanisch weitgehend vom 
Quarzrohrofen getrennten Motor mit zugehöriger Füh-
rung mit einer Geschwindigkeit von 0,8 bzw. 1,6 mm/h 
bewegt. Bei der größeren Geschwindigkeit wuchsen die 
Kristalle bevorzugt mit der senkrecht zur trigonalen 
Achse liegenden Ebene parallel zur Ziehrichtung. Aus 

Tab. 1. 

Proben- Zusammensetzung Orientierung 
Nr. 

1 Bi7oSb30 Bisektrix | ! Probenachse 
2 Bi-0Sb30 + 0,l At.-Proz. Te Bisektrix [ ] Probenachse 
3 Bi70Sb30 + 0,l At.-Proz. Sn Bisektrix | | Probenachse 
4 Bi7oSb30 bin. Achse | | Probenachse 
5 Bi70Sb3O-f 0,1 At.-Proz. Te bin. Achse | | Probenachse 
6 B'-oSb30 trig. Achse | Probenachse 


